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Abstract. We study the transmission problem in bounded domains with dissipative boundary 
conditions. Under some natural assumptions, we prove uniform bounds of the corresponding 
resolvents on the real axis at high frequency, and as a consequence, we obtain free of eigenvalues 
regions. To this end, we extend the result of [5j under more general assumptions. As an 
application, we get exponential decay of the energy of the solutions of the corresponding mixed 
boundary value problems. 

1 Introduction and statement of results 

Let Oi C C ... C r^m+i C R", m > 1, n > 2, be bounded, strictly convex domains with 
smooth boundaries = n Ffc+i = 0. Let also Qq C r^i be a bounded domain with 

smooth boundary Tq = dQo such that R" \ ^Iq is connected. In the present paper we are 
interested in studying the large time behavior of the solutions of the following mixed boundary 
value problems: 

' {idt - clA)ul{x,t) = in (Qfe \ x (0, +00), A; = 1, m + 1, 

Bu'i{x,t) = on Tq X (0, +00), 

< ul{x,t) = ul^^{x,t), duul{x,t) = duul^^{x,t) on L^ x (0, +00), A; = 1, m, (1.1) 
duU%^_^i{x,t) + ia(x)u^+i(x,t) = on T.m+i x (0, +00), 

. nl{x,0) = fji{x),k=l,...,m + l, 

and 

' {df -clA)ul{x,t) =0 in (17*. \ x (0, +00), A; = 1, m + 1, 

Bul{x,t) = on Tq X (0, +00), 

< ul{x,t) = ul_^_^{x,t), duul{x,t) = duul_^^{x,t) on x (0, +00), A; = 1, m, (1.2) 
duuln^i{x,t) + a{x)dtuln^i{x,t) =0 on Tm+i x (0,+oo), 

. uiix,0) = flix), dtulix,0) = glix), k = l,...,m + 1, 

where either B = Id (Dirichlet boundary conditions) or B = (Neumann boundary conditions), 
du denotes the normal derivative to the boundary, are constants satisfying 

Ci > C2 > ... > Cm+i > 0, (1.3) 

and a{x) is a continuous, real-valued function on Tm+i supposed to satisfy 

a{x) > ao on r^+i, (1.4) 

'corresponding author 



with some constant oq > 0. The equation (1.2) describes the propagation of acoustic waves in 
different media with different speeds c^, k = 1, ...,m + 1, which do not penetrate into Qq. The 
boundary condition on r^+i is a strong dissipative one which guarantees that the energy of 
the solutions of (1.2) with finite energy initial data tends to zero as i — > +oo. The equation 
(1.1) is of Schrodinger type with weak dissipative boundary conditions. In fact, the large time 
behavior of the solutions of (1.1) and (1.2) is closely related to the behavior on the real axis of 
the corresponding resolvent operator, R^{\), A G C, defined for ImA < as follows. Given 

jf^m+i) ^ ^ solves the equation 

' {\^ + cl/\)u'^ = v{ in r^fc \ A; = 1, ...,m + 1, 

< , (1.5) 

Uk = ""fc+i' dvu'^ = Ovw'f^j^^ on Tfc, A; = 1, m, 

^ dyul^j^^ + a{x)w'^j^^ = G on T^+i. 

It is well known that R^{X) : H ^ H extends meromorphically to the whole complex plane C 
with no poles on the real axis (the latter can be derived from the Carleman estimates of [3]). In 
the present paper we will study the behavior of R^{X) for A € R, |A| ^ 1. To this end we need 
to impose some conditions on (as weak as possible). We first make the following assumption: 

every generalized ray in f^i \ Qq hits the boundary Ti. (1-6) 

Clearly, (1.6) is fulfilled if 0,q is strictly convex. However, the class of the domains for which 
(1.6) is satisfied is much larger than the class of strictly convex domains. We can now state our 
first result. 



Theorem 1.1 Assume (1-3), (1.4) md (1.6) fulfilled. Then, there exist constants C,Ci > so 
that R^{X) (j = 0,1) satisfies the bound 



W{X) 



< C\X\~^, A G R, |A| > Ci. 



One can derive from this theorem the following 
Corollary 1.2 Under the assumptions of Theorem 1.1, the solutions 

u^{x,t) = {ul{x,t),...,ul^^^{x,t)) 
of (1.1) and (1.2) satisfy the estimates (for 1): 



u'{;t) 



H 



< Ce 



-ct 



H 



with constants C,C > independent oft and u^, and 
with constants C,C > independent of t and . 



H 



:i.7) 



:i.^ 
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To prove (1.8) and (1.9) it suffices to show that the solutions of (1.1) and (1.2) are given 
by semi-groups e**"^^ , respectively, acting on suitable Hilbert spaces Tij with generators Aj of 
compact resolvent and hence of discrete spectrum. Then Theorem 1.1 implies that 

= 0(1) for z G R, \z\ > 1, 

which in turn implies (1.8) and (1.9), respectively (see Section 2 for more details). 

In the case when there is no transmission of waves (which corresponds to taking m = 
in the setting above) the above estimates follow from the results of [2]. In fact, in [2] a more 
general situation is studied, namelly Jli is not necessarilly strictly convex and (1.4) is supposed 
to hold on a non-empty subset Fi of Fi. Then (1.6) is replaced by the assumption that every 
generalized ray in Jli \ VLq hits Fi at a non-diffractive point (see [2] for the definition and more 
details). The situation changes drastically in the case of transmission (which corresponds to 
taking m > 1 in the setting above) due to the fact that the classical flow for this problem is 
much more complicated. Indeed, when a ray in ^k+i \ hits the boundary F^ (if 1 < A: < m) 
or the boundary T^+i (if < /c < m — 1), it splits into two rays - one staying in flk+i \ and 
another entering into \ ^fc-i or 0,^+2 \ ^fc+i> respectively. Consequently, there are infinitely 
many rays which do not reach the boundary F^+i where the dissipation is active. The condition 
(1.3), however, guarantees that these rays carry a negligible amount of energy, and therefore 
(1.3) is crucial for the above estimates to hold. Indeed, if for example we have Ck^ < Ckg+i 
for some 1 < A^q < m, then one can construct quasi-modes concentrated on the boundary F^g 
(see [E]). Consequently, we have in this case a sequence, {Afc}^^, of poles of R-'{X) such that 
|Afc| — > oo and < ImAjt < CN\Xk\~^ , yN > 1. Note also that the fact that the domains Jl^, 
k = l,...,m+l, are strictly convex is crucial for our proof to work, and quite probably Theorem 
1.1 as well as the estimates (1.8) and (1.9) are no longer true without this condition. This is 
essential for the proof of Proposition 2.3 below (proved in [5]). It also guarantees nice properties 
of the Neumann operator (denoted by Nk{X), k = 1, ...,m below) associated to the Helmholtz 
equation in R*^ \ fiy^ (see Lemmas 4.2 and 4.4). 

To prove Theorem 1.1 we make use of the results of [S\ where an exterior transmission 
problem has been studied. Consider the exterior stationary problem 

(A2 + cjA)u = v in R" \ ^o, 

Bu = on Fo, (1.10) 
u — X — outgoing. 

Then the outgoing resolvent, 7^o(-^)) for the exterior problem is defined by u = TZo{X)v. Let 
X G C'o°(R'"), X = 1 on ^0- It is well known that the cut-off resolvent x'^oiX)x is analytic in 
Im A < and meromorphic in Im A > with no poles on the real axis. Clearly, the condition 
(1.6) implies that 0,q is non-trapping, that is, all generalized rays in R" \ Qq escape at infinity. 
In particular, this implies that the cut-off resolvent x^o(-^)x satisfies the bound 

llx^o(A)xllL2(Rnno)-L2(Rnno) < C\X\-' for A G R, |A| > 1. (1.11) 

In fact, the only thing we use in the proof of Theorem 1.1 is the estimate (1.11). In other words, 
we can replace the condition (1.6) by the estimate (1.11). Note also that (1.11) implies that 
xT^oiX)x extends analytically in a strip {A G C : |ImA| < Const, \X\ > 1} and that (1.11) still 
holds in this larger region (see |21j). 



{A,-z) 
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An interesting open problem is to get estimates similar to those stated above for more 
general domains JIq for which (1.6) and (1-11) are not satisfied. A typical example for such 
domains is 0,q = OiU O2, where Oi and O2 are strictly convex domains with smooth bound- 
aries, Oi n O2 = 0. In this case there is one periodic ray between Oi and O2 which does not 
reach Ti. It is well known that in this case (1.11) does not hold. Instead, we have that, in the 
case of Dirichlet boundary conditions (i.e. B = Id), the cut-off resolvent x'^oWx is analytic 
in a strip {A G C : |ImA| < Const, |A| > 1} with polynomially bounded norm (see [10], [TT]). 
Our purpose is to treat such more general domains Oq- More precisely, we make the following 
assumption: 

There exist constants C,Ci,C2,p > so that the cutoff resolvent x^^oWx is analytic in a 
strip {A € C : |ImA| < Ci, |A| > C2} and satisfies there the bound 



IIX'^0(A)xllL2(Rn\QQ)^J,2(R,n\QQ) < C\X\P. 



(1.12) 



Note that (1.12) is also satisfied for domains i7o = ^\^\0(, L > 3, where are strictly 
convex domains with smooth boundaries, n Oi^ = 0, ^1 / £2, satisfying some natural 
conditions (see [12] for more details). Note that in this case there could be infinitely many 
periodic broken rays which do not reach the boundary Ti. Let us also mention that semi- 
classical analogues of (1-12) have been recently proved in [15j . |16j in a very general situation. 

Our main result is the following 

Theorem 1.3 Assume (1.3), (1-4) o-nd (1.12) fulfilled. Then, there exist constants C,Ci > 
so that W{\) (j = 0,1) satisfies the bound 



<C|Ar^-(log|A|)^ 



A G R, 



>Ci. 



(1.13) 



Given an integer A: > 0, set = {2^ + 1) ^ . One can derive from this theorem the following 
Corollary 1.4 Under the assumptions of Theorem 1.3, the solutions 

u\x,t) = {u{{x,t), ...,u^^j^^{x,t)) 
of (1.1) and (1.2) satisfy the estimates (for t ^ Ij.- 

(1.14) 



M°(-,t) ^ < Cexp(-Cet°'"+i) u^{-,0) 



for every < e < Eq, with constants C, Eq > independent of t, e and , C independent of t 
and u^, and 



S/ruH;t] 



H 



+ 



dtu\-,t) < Cexp(-Cer'"+i) ( V^u\-,0) 



+ 



(1.15) 



for every < e < Eq, with constants C, Eq > independent oft, e and , C independent oft, 
and , where := (B^l^iH^ (fi^ \ ^k-i) denotes the corresponding Soholev space. 

Note that the estimate (1.15) (with Om+i = 1/2) has been proved in [7], [8] in the case of the 
damped wave equation on a bounded manifold without boundary under the assumption that 
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there is only one closed geodesic of hyperbolic type which does not pass through the support 
of the dissipative term but all other geodesies do so. This result has been recently improved in 
1 19] for a class of manifolds with negative curvature, where a strip free of eigenvalues has been 
obtained and, as a consequence, an analogue of (1.15) (with Om+i = 1) has been proved. 

If Qq is strictly convex, the conclusions of Theorem 1.1 still hold if we admit transmision of 
waves in the interior of moving with a speed > ci, i.e. if we replace the boundary condition 
Bu = on To by a transmission problem. Indeed, in this case we have (1.11) according to the 
results of [5]. Thus, it is natural to ask whether Theorem 1.3 still holds if f^o consists of two 
strictly convex bodies and we admit transmision of waves in the interior. To be more precise, 
we define the resolvent 7^o('^) as u = Tlo{X)v, where u = {ui,U2,U3) and v = {vi,V2,V3) satisfy 
the equation 

(A2 + alA)uk = Vk in O^, = 1, 2, 

(A2 + c?A)n3 = t;3 in R"\((9iU02), ^ 
Uk = Us, d,yUk = d,yUs on dOk, k = 1,2, 
Us — X — outgoing, 

where > ci, k = 1,2, are constants, Oi and O2 are strictly convex domains with smooth 
boundaries, Oi fl O2 = 0. In analogy with the case of one strictly convex body discussed above, 
it is natural to make the following 

Conjecture. The resolvent TZq{\) satisfies the condition (1.12). 

Clearly, if this conjecture holds true, so does Theorem 1.3 in this more complex situation. 
However, it seems quite hard to prove. 

The method we develop to prove the above results allows to get a decay of the local energy 
of the solutions of the following problem: 

(5| - c|A)tifc(x, t) = in (17^ \ ilfc_i) x (0, +cx)), /c = 1, m, 
(5?-c™+iA)^x^+i(x,t) = in (R"\J]„) X (0,+oo), 

Bui{x,t) = d on rox(0,+oo), (1.17) 
Uk{x,t) = Uk+i{x,t), dyUk{x,t) = duUk+i{x,t) on x (0,+cx)), k = l, ...,m, 
. Uk{x,0) = fk{x), dtUk{x,0) = gk{x), k = I, ...,m + 1. 

More precisely, we have the following 

Theorem 1.5 Under the assumptions (1.3) and (1.6), for every compact K C R" \ there 
exists a constant Ck > so that the solution 

u{x,t) = {ui{x,t), ...,Um+i{x,t)) 

of (1.17) satisfies the estimate (fort ^ 1) 

l|V.n(.,t)||^2(^) + \\dtu{;t)\\^2^j,^ < CKPoit) (||V,.n(.,0)||^2(^) + \\dtu{;0)\\^2^j,^) , (1.18) 

provided suppti(-,0), suppdtu{-,0) C K, where 

1 e""^* if n is odd, 

Poit) = <,-„.;. 

\ t if n is even. 
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with a constant 7 > independent oft. Furthermore, under the assumptions (1.3) and (1.12), 
we have the weaker estimate 

l|VX-,t)|L2(^) + ||5tn(-,t)||i2(^) < CK,ePe{t) (||V,n(-,0)||^.(^) + \\dtu{-,mH^i^K)) > (1-19) 

for every < e < Eq, provided suppu(-,0), supp5tii(-, 0) C K, where 




exp (— 7et°'") if n is odd., 
t~^ if n is even, 



with constants eO)7 > independent oft and e. 

Note that the estimate (1-18) is known to hold for non-trapping compactly supported pertur- 
bations of the Euclidean Laplacian (see [20j). Note also that an estimate similar to (1.19) (with 
am = 1/2) has been proved in [9] in the case of compactly supported metric perturbations of the 
Euclidean Laplacian under the assumption that there is only one closed geodesies of hyperbolic 
type. 

According to the results of [21], to prove (1.18) it suffices to show that the corresponding 
cutoff resolvent is analytic in some strip near the real axis with a suitable control of its norm 
at high frequencies. Thus, (1-18) follows from Theorem 2.2 below applied with k = m (which is 
actually proved in [5]), while (1.19) is a consequence of Theorem 3.2 applied with k = m. 

The paper is organized as follows. In Section 2 we prove Theorem 1.1, Corollary 1.2 and 
(1.18) using in an essential way the results of [5j. Similar ideas have already been used in [1]. 
In Section 3 we prove Theorem 1.3, Corollary 1.4 and (1.19). To this end we prove in Section 4 
an analogue of the results of [5] under (1.12) (see Theorem 3.2 below). 



2 The case Qq non-trapping 

Let w = {wi, ...,Wm+i), V = {vi, ...,Vm+i) Satisfy the equation 

{X^ + clA)wk = Vk in ^}k\^k~i, k = l,...,m + l, 
Bwi = on To, (2.1) 
Wk = Wk+i, dyWk = dyWk+i on L^, A; = 1, m. 

We will first show that Theorem 1.1 follows from the following 

Theorem 2.1 Assume (1.3) and (1.6) fulfilled. Then, there exist constants C, Aq > so that 
for A > Aq the solution to (2.1) satisfies the estimate 



\\w\\h < CX ^\\v\\h + '^lhm+i|r„+J^2(r„^^) + CX ^ \\d^Wm+i\r^+,\\L2(^rm+i) ■ 

Applying Green's formula to the solution of (1.5) in each domain ^}k\^k-ij k = 1, 
and summing up these identities lead to the identity 



(2.2) 

,m + l, 



Im (u-' 



m+l 



H 



-2 j j 



k=l 



L2(nfc\nfc_i) 



Im (duU; 



i2(r^+l) 



J J 

^m+1' ^m+1 / rofr \ 



(2.3) 
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By (1.4) and (2.3) we conclude 



1+1 iTm+l 



for every 7 > 0. On the other hand, applying (2.2) with w = yields 



1+1 iTm + l 



L2(r™+i) 

Combining (2.4) and (2.5) and taking 7 small enough, independent of A, we get 



H, 



(2.4) 



(2.5) 



(2.6) 



which is equivalent to (1.7) for real A 3> 1. Clearly, the case —A » 1 can be treated in the same 
way. 

Proof of Theorem 2.1. Given any 1 < A; < m, define the resolvent lZk{\) as u = TZk{\)v, 
where u = (ui, u^+i), v = (f 1, v^+i) satisfy the equation 



1, k, 



{X'^ + cjA)ui = Vi in Qi\Qi^i, i 
(A^ + 4^iA)ufc+i = Ufc+i in R"\Ofc, 

Bui =0 on To, (2.7) 
ug = -U£+i, d,yUi = dyUg^i on T^, 1 = 1, k, 
^ Uk+i - A - outgoing. 

Let us first see that Theorem 2.1 follows from the following 

Theorem 2.2 Assume (1.3) and (1.6) fulfilled. Then, for every 1 < k <m the cutoff resolvent 
X'7^fc(A)x satisfies the estimate 



llx^fc(A)xllL2(R"\nfc)^i'2(R"\f^fc) - ^1^1 ^ ^ ^ ^' 1^1 - ^' 

where x ^ Co°(R"')) X = 1 onQ.^. 



(2.8) 



Choose a real-valued function p G Cq°(R), < p < 1, p{t) = 1 for \t\ < 5/2, p{t) = for 
\t\ > d, dp{t)/dt < for t > 0, where < (5 ^ 1 is a parameter. Given x € 0,m+i \ ^m, denote 
by d{x) the distance between x and Tm+i- Hence ip{x) = p{d{x)) € C°°(Om,+i), V' = 1 near 
Fm+i, tp = on Qjn- The following estimate is proved in [5j (see Proposition 2.2) using in an 
essential way that the boundary r,„+i is strictly concave viewed from the interior. 

Proposition 2.3 There exist constants C,Xo,6q > so that ifO<S<6o, A > Aq, we have the 
estimate 

U^minrr,+^\n^) < CX-^\\{X'^ + ci^^A)u\\L2(^n^^^\n^) 

+Os{X-'/^)\\u\\Hi(^n^^,\n^), yueH\n^+i\nm), (2.9) 
where the Sobolev space is equipped with the semi-classical norm with a small parameter X~^ . 
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Let X € C'q°(R'*), X = 1 on O^, suppx C ^^m+i- Clearly, the solution to (2.1) satisfies the 
equation 

{\^ + c\l^)wk = Vk in Ofe \ A; = 1, ...,m, 

(A^ + cl^^-^A)xWm+l = XVm+l + C^+l[A, x]Wm+l in R'' \ ^m, /2 ]^QN 

Bwi = on To, 

Wk = Wk+i, dvWk = duWk+i on r^, k = 1, m. 
Therefore, applying (2.8) with k = m leads to the estimate 

m 

XI ll^fc||L2(nfc\nfc_i) + IIXW^m+l||L2(R«\n^) 
fe=l 

m+1 

< CX~^ J2 \\vk\\L^nk\n,,_i) + CX~^\\[A,x]wm+i\\L^nm+i\nm)- (2-11) 

k=l 

Choose X so that '0 = 1 on both supp [A, x] and supp (1 — x)|t2m+i- Then (2.11) can be rewritten 
as follows 

m+l m+1 

ll^fellL2(nfc\nfc_i) < CX-^ l|i'fellL2(nfc\nfc_i) + C'll'0'i^m+i||i?i(f2„+i\n^), (2.12) 

fe=l k=l 

where again is equipped with the semiclassical norm. Using (2.9) with u = Wm+i and 
combining with (2.12) lead to the estimate 



Y Il"^fclli2(nfc\nfc_i) <CX ^Y hk\\L^{nk\!^k_i) +CX ^/^||w^m+i|ki(n^+i\a^) 



m+1 m+1 

Y ll"^fc||L2(nfc\nfc_i) < CX-^ Y 

k=l fc=l 

+C||u'm+i|r„+J^2(r^^^) +CA-^ ll^^^^^m+ilr^+i Ili2(r^^^) • (2-13) 
On the other hand, by Green's formula we have 

m+1 m+1 

ifc=i fe=i 

m+1 

, '"^m+l)L2(r^+i) ) 

fc=l 

which in turn implies 

m+1 m+1 m+1 

Y l|Vwfc||L2(n,\n,_i) < C'A-^ ^ lbfe||L2(n,\o,_^) + C ^ l|w^fc||L2(n,\n,_i) 

A;=l fe=l k=l 

(^||«;„+i|r^^J^,^j,^^^) + \\x-'d,Wm+i\r^+,\\^,^^^^^^^ • (2.14) 

Combining (2.13) and (2.14) and taking A large enough, we conclude that the second term in 
the right-hand side of (2.13) can be absorbed, thus obtaining (2.2). □ 
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Proof of Theorem 2.2. Since (2.8) holds true for = in view of the assumption (1.6), one 
needs to show that (2.8) with k — 1 imphes (2.8) with k. This, however, is proved in [5j (see 
Theorem 1.1; see also Section 4 below). □ 

The fact that (1.7) implies (1.8) and (1.9) is more or less well known. In what follows we 
will sketch the main points. Define the operator Aq on the Hilbert space TIq = H as follows 

AqU = {-cjAui, -C^+iAUm+i), U = {Ui, ...,Um+l), 

with domain of definition 
P(Ao) = {ue H : Aqu G H,Bui\ro = ^^Uklr^ = Uk+i\rk,duUk\rk = duUk+ilr^ik = 1, ...,m, 

d^Um+i\r„,+i = -ia{x)um+i\rm+i} ■ 

By Green's formula we have 

Im {AoU,u)jj = -Im {duUm+l,Um+l) L^Vm+i) = («^ni+l''"m+l)L2(r™+i) ^ 0' 

which in turn implies that Aq is a generator of a semi- group e**"^". Then the solutions to (1.1) 
can be expressed by the formula 

uO(t) = e**^o^i°(0), t > 0. 

It follows from [3] that, under the assumption (1.4), Aq has no eigenvalues on the real axis. 
Moreover, applying (1.7) with j = and z = yields that the resolvent (^o ~ is analytic 
in a strip |Imz| < 70, 70 > 0, and satisfies in this region the bound 



Ho^Ho 



< Const, 



which in turn implies 



AtAo 



< Ce 



t > 0, 



(2.15) 



with constants C, C > independent of t. Clearly, (2.15) is equivalent to (1.8). 

We would like to treat the equation (1.2) in a similar way. To this end, introduce the Hilbert 
space TCi = H}^ © H, where 



H^{nk\9.k-i) = \u: I \Vu\^dx < +00) , 2 < k < m + I, 

[ Jn^xn^-i J 

H}^ini\no) = \u: [ \Vu\ 



^'dx < +00 > , if B = du, 



7n[ dx < +00, n[ro = > , if B = Id. 



On Til define the operator Ai as follows 



Ai = -i \ o 



Id 

c^(x)A 
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where 

c^(x)An := {cfAui, c^+i Aum+i), u = {m, ...,Um+i), 
with domain of definition 

V{Ai) = ^{u,v) eHi :v e Hb,c^{x)/\u £ H,Bui\ro = 0;'"fc|rfc = -"fc+ilrfe, 

duUklvk = duUk+i\rk,k = 1, ...,m, duUm+i\r,^+i_ = -a{x)vm+i\r,^+i} ■ 
By Green's formula we have 



Im ( A 



u 

V 



-Re 



V \ t u 

c2(x)Au ] '\ V 



/ X , , -Hi \\ ' / \ / / Hi 

= -Re {dyUm+i,Vm+i) ^2(j^^^^) = (aWm+i,fm+i)L2{r„+i) > 0, 

which in turn imphes that Ai is a generator of a semi-group e**"^^. Then the solutions to (1.2) 
can be expressed by the formula 



uHt) 

dtu\t) 



JtAi 



ni(0) \ 



t > 0. 



It follows from [3] that, under the assumption (1.4), Ai has no eigenvalues on the real axis. 
Moreover, applying (1.7) with j = 1 and z = \ yields that the resolvent (^41 — z)~^ is analytic 
in a strip |Imz| < 71, 71 > 0, and satisfies in this region the bound 



{A, - z)-' 



< Const, 



which in turn implies 



< Ce-^\ t > 0, 



(2.16) 



with constants C,C > independent of t. It is easy to see that (2.16) is equivalent to (1.9). 
Introduce the Hilbert space TC = © Hgc, where 



Hl^,, = Hli^i \ l^o) © ®i:=2H\^k \ ^k-i) e (R" \ , 
On 7^ define the operator A as follows 



u : I |Vu| dx < +00 > . 

/R"\n^ I 



A 



Id 

c2(x)A 



with domain of definition 

V{A) = |(m, f) £n:ve Hb^sc^c^{x)Au G Hsc,Bui\ro = 0,Uk\rk = '"fc+ilrfc 
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duUkkk = d„Uk+i\rk^k = l,...,m} . 



By Green's formula we have 



Im ( A 



u 

V 



n 

itA 



which in turn imphes that A is a generator of a group e . Then the solutions to (1.17) can be 
expressed by the formula 



u{t) 
dtu{t) 



JtA 



dtu{0) 



, t > 0. 



As in [2T], it follows from (2.8) applied with k = m and z = \ that the cutoff resolvent 
x{-^ — z)~^x is analytic in a strip [Imz| < 7, 7 > 0, and satisfies in this region the bound 



- z) < Const, 

where x ^ C'q°(R"'), x = 1 on VLm- This in turn implies (see [21], [14] ) 

< C^po{t), t > 0, 



(2.17) 



with a constant > independent of t. It is easy to see that (2.17) is equivalent to (1.18). 



3 The case Uq trapping 

As in the previous section, Theorem 1.3 follows from the following 

Theorem 3.1 Assume (1.3) and (1-12) fulfilled. Then, there exist constants C, Aq > so that 
for A > Aq the solution to (2.1) satisfies the estimate 

(logA)-2'"||u;||^ < CA"^i|v||H + C||u;„+i|r^+J^2(P^^^) + CA"^ ||5^u;^+i|r„+i ||i2(r„^^) . (3.1) 

Moreover, proceeding as in Section 2 it is easy to see that Theorem 3.1 follows from the 
following theorem the proof of which will be given in the next section. 

Theorem 3.2 Assume (1.3) and (1.12) fulfilled. Then, for every Q < k < m the cutoff resolvent 
x7^fc(A)x is analytic in {A G C : |ImA| < Ci(log lAI)"^*", |A| > C2} and satisfies in this region 
the estimate 

<C|Ari(log|A|)2 , (3.2) 

where C, Ci and C2 are positive constants. 

Remark. It is natural to expect that (1.12) implies that all cutoff resolvents x7^fc(A)x, k = 
l,...,m, are analytic in some strip {|ImA| < Ci, |A| > C2}, Ci,C2 > 0. However, this remains 
a difficult open problem. Note that large free of resonances regions far from the real axis are 
obtained in [6j under some natural assumptions. 



11 



To prove Corollary 1.4 observe first that (1.13) is equivalent to the estimate (with j = 0, 1) 



{A, - z) 



-1 



<C(log|z|)^ 



for z G R, \z\ > C', 



(3.3) 



with some constants C > 0, C" > 2 independent of z. Clearly, (3.3) implies that {Aj — z) \s 
analytic in 



A= |z G C : |Imz| < Ci (log |z| 



C2} 



and satisfies in this region the bound (3.3). Therefore, using the fact that the operators Aj are 
elliptic together with a standard interpolation argument, we conclude that 



(A, - z) 



-1 



< Ce for z G A, 



(3.4) 



for every e > with a constant Cg > independent of z, where TYg := , while the norm || • Ht^e 
is defined by replacing in the definition of Hi all norms by the Sobolev norms . On the 
other hand, proceeding as in ^13j one can show that (3.4) implies 



< Ceexp(-Cer"+i), f>0. 



(3.5) 



for < e < eo, with constants C, Eq > independent of t and e, > independent of t. 
Clearly, (3.5) is equivalent to (1.14) and (1.15), respectively. 

Similarly, the estimate (3.2) with k = m implies that the cutoff resolvent ~ ^)~^X is 
analytic in {z G C : llmzj < Ci(log Izl)^^™, \z\ > C2} and satisfies in this region the estimate 



X 



(3.6) 



where TV" is defined as T^f above. On the other hand, as in [T7j one can show that (3.6) implies 
with a constant C^^^s > independent of t. It is easy to see that (3.7) is equivalent to (1.19). 



4 Proof of Theorem 3.2 

We will prove (3.2) by induction in k. Let us first see that the assumption (1.12) implies (3.2) 
with k = 0. This is essentially proved in [2] (see Proposition 4.4 and Lemma 4.7). The idea is 
to apply the Phragmen-Lindelof principle to the operator-valued function 

^giAf A log A 

log A 

where log A = log |A| + iarg A and > is a constant big enough. It is well known that the 
outgoing resolvent satisfies the bound 

ll^o(A)|lL2(Rn\no)^L2(R"\no) ^ iaIIiLaI ^^'^ ImA<0. (4.1) 



12 



Hence, on ImA = -(iVlog |A|)-^ Re A > C2, we have the bound 

(^g-Arim(AlogA) (^giV|ImA|log|A| 

115(A) II r2^r2 < ,^ — ^ < — ^ < Const. (4.2) 
/iiL -^L - |iinA|log|A| |ImA|log|A| ^ ^ 

On the other hand, by (1.12), on ImA = Ci > 0, Re A > C2, wc have the bound 

115(A) ||^2_,^2 < ciAlf+ie-^^'^^^^^e^) < Ce(f+i-^i"^^)i°gl^l < Const, (4.3) 

if we choose N = {p + 1)/Ci. By the Phragmen-Lindelof principle, we conclude from (4.2) and 
(4.3) that the function g{X) satisfies the bound 

\\g{X)\\L2^L^< Const, (4.4) 

in -(iVlog|A|)~i < ImA < Ci, Re A > C2. It follows from (4.4) that for -(iVlog |A|)-i < 
ImA < e/2N, Re A > C2, < £ < 1, we have 

||Ax7^o(A)x||L2_i2 < Clog|A|e^i-(^i°sA) < ^j^g < C^-^IA^, (4.5) 

with a constant C > independent of A and s. On the other hand, for —ejlN < ImA < 
— (A'^log |A|)~"^ the estimate (4.5) follows from (4.1). Thus we conclude that (4.5) holds for 
I ImA I < e/2N, Re A > C2. Clearly, the case Re A < — C2 can be treated similarly. Taking e 
such that |A|^ = 2, we obtain (3.2) with /c = 0. 

Thus, to prove Theorem 3.2 it suffices to show that (3.2) with A; — 1, 1 < A; < m, implies 
(3.2) with k. Let w = {wi, ...,Wk), v = {vi, ■..,Vk) satisfy the equation 

{X^ + cjA)we = ve in ni\ni_i, i = l,...,k, 

Bwi = on To, (4.6) 
we = wi+i, duwe = di,wi+i on Te, i = 1, ...,k - 1. 

We need the following extension of Theorem 2.1. 

Theorem 4.1 Assumed (3.2) fulfilled with k — 1. Then, there exist constants C, Aq > so that 
for A > Ao the solution to (4-6) satisfies the estimate 

(logA)-2'"'||u;||j^^ < CA-^||'t;||H, +C||u;fe|rj|i2(r^) +CA-^ l|9^^^'^fe|rJL2(r^) , (4.7) 
where := ©f^^i^'^ Ule \ ^i-i,cj'^dx\ . 



Proof. Let x ^ C^^ijl"'), x = 1 on Jlfe-i, suppx C Jlfe, such that ip = 1 on supp [A,x] and 
supp (1 - x)|n;,- We have 

Xw = Xi^it-i(A)xi ixv + [A, x]wk) , (4.8) 
where xi = 1 on suppx, suppxi C Ofc. By (3.2) with k — 1 and (4.8) we conclude 

(logA)-2*"'||w;||^^^ < (logA)-^' ' (\\xw\\h^ + \\ipWk\\L^ak\iik-i)) 

< CX-^Mh, + C\\2l;wk\\H\n,\n,_,), (4.9) 
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where is equipped with the semiclassical norm. By (2.9) and (4.9), 

(logA)"^" 'll^^ll^fc < CX^'^WvWh^ + CX''^/'^\\wk\\m{ni:\nk_^) 



(4.10) 



On the other hand, we have an analogue of (2.14) with m + 1 replaced by k, which together 
with (4.10) yield 



(logA)- 



{\MH, + \\wk\\m{n,\n,^,)) <CX ^\\v\\h,+CX ^^^\\wk\\min,\n,_,) 



+C\\wk\rJL2^r,) + C^ M|5z^'«^fc|rJli2(r^) . (4.11) 

Clearly, we can absorb the second term in the right-hand side of (4.11) by taking A big enough, 
thus obtaining (4.7). □ 

Note that it suffices to prove (3.2) for A G R, |A| 1, only (see [2I])- Without loss of 
generality we may suppose A > 0. Let u = {ui, ...,Uk+i), v = {vi, ...,vi^^i) satisfy the equation 
(2.7) with suppffc+i C K, where K C R" \ ilfe is a compact. Set fk = Uk+i\r^, = Uk\r,,- Define 
the outgoing Neumann operator, A'^fc(A), for the exterior problem in R" \ il^, as follows 

NkWf = X-'d,,Uk{X)f\r„ 
where is the outer unit normal to T/., and Uk{X) solves the equation 



{X^ + cl^^A)Uk{X)f = in R"\f^fc, 
Uk{X)f = f on Tfc, 
Uk{X)f - A - outgoing. 

Define also the operator Gk{X) via the equation 

' {X^ + cl^,A)GkiX)f = f in R"\f^fc, 
Gfc(A)/ = on Tk, 
Gfc(A)/ - A - outgoing. 

Set Uk+i = Uk+i — GkiX)vk+i. Then, the equation (2.7) can be rewritten as follows 

{X"^ + c'jA)u£ = Vi in i = 1, ...,k, 

(A2 + c2^^A)ufe+i = in R"\Ofc, 
Bui = on To, 

Ui = n^+i, duUe = duUe+i on T^, £ = I, k - I, 
Uk+i = Uk, du'Uk+i = -dvUk + Xhk, on Tk, 
, Uk+i - A - outgoing. 



(4.12) 



(4.13) 



(4.14) 



where hk = X du'Gk{X)vk+i\r^, and we have used that u' = —v. Hence Uk+i = Uk{X)fk, and 



(4.14) implies 



(A^ + c|A)u£ = W£ in £ = 1, ...,k, 

Bui = on To, 

ue = Ui^i, dyUi = dyUfj^i on T^, £ = 1, /c - 1, 
Uk = fk, X'^dyUk = -Nk{X)fk + hk, on Tk- 



(4.15) 
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The fact that fi^ is strictly convex imphes the bounds (see Theorem 3.1 of [S]): 

||/ifc||L2(rfe) < C'/c-^~"^lkfc+illL2(R"\f7fe)i (4-16) 

ll'"fc+l||L2(i<') < \\Uk{^)fk\\L^(K) + \\GkWvk+l\\L2{K) 

< CKWfkWH^r^) + CxA""^||ufe+i||L2(R,n\f7^). (4.17) 

Hereafter all Sobolev spaces will be equipped with the semi-classical norm. Applying Green's 
formula to the solutions of (4.15) leads to the identity 

-Aim (iVfc(A)/fc,/fc)i2(r^) + Aim {htjk) v^iv^) = Im (9i.nfc|r,, nfc|rj^2(r^) 

k 

= - ^ Im (n^, t'^>L2(o,\c,_,,c72dx) • (4-18) 

Hence, V/? > 0, we have 

-Im (iVfc(A)A, A)^2(r^) < /3'||/fc|li2(r,) +r'll^fc|li2(r,) +r'A-2||t;|l2,^. (4.19) 

Since is strictly convex, the Neumann operator satisfies the bound (e.g. see Corollary 3.3 of 

U) 

mWfk\\mr,)<C\\fk\\m(T,y (4.20) 
Applying Theorem 4.1 with w = (ui, ...,Ufc) and using (4.20), we get 

(logA)-2'=-||^||^^ < C\-^\\v\\H,+C\\h\\m(r,y (4.21) 

Choose a function r/fc G C°°{T*Tk) such that 77^ = 1 on {C G T^Ffc : ||C|| < ^ + e}, r/^ = on 
{C e r*rfc : ||C|| < %li - e}, O < e < l, which is possible in view of (1.3). Recah that ||C|P is 
the principal symbol of the (positive) Laplace-Beltrami operator on Tk evaluated at C,. We will 
denote by Op;^(%) the A — ^'DO on with symbol Since 17^ is strictly convex and % is 
supported in the hyperbolic region for the corresponding exterior boundary value problem, it is 

well known that A^fc(A)Op;^(%) is a A — ^J}0 with principal symbol —irjkiC) \J Cj^+i — IICP (e-g- 
see the appendix of (iOj). This together with (4.20) and Garding's inequality imply immediately 
the following 

Lemma 4.2 There exist constants Ci,C2 > such that we have 

-Im (iVfe(A)/fc,/fc)^2(p^) >Ci||M|i2(r,)-C2||Op;,(l-r?fc)M|2,,(p^). (4.22) 

By (4.16), (4.17), (4.19), (4.21), (4.22), taking f3 = /5'(log A)-^'"' with /?' > smaU enough 
independent of A, we conclude 

(logA)"^*" ' + Wuk+ih^K) + ll/fellL2{rfc)) 

< CX'HlogXf'" {\\v\\h, + \\vk+i\\mRn\n,)) + C\\Op^il - m)fk\\HHr,)- (4-23) 

On the other hand, the fact that 1 — 77^ is supported in the elliptic region for the corresponding 
interior boundary value problem implies the following 
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Proposition 4.3 There exist constants C,Xq > so that for A > Aq we have 

I|0pa(1 - m)fk\\m{rk) < O^^'^^^Wvkh^nkXnk-i) + CX~'^^'^\\uk\\L^nk\nk-i) 

+CX-'/'\\h\\mr,) + C||/ifc||L2(r,). (4.24) 

Proof. Choose a smooth function such that = 1 on {x : dist(x,rfc) < 5}, ^ = 
outside {x : dist(x,rfc) < 25}, where (5 > is a small parameter independent of A. Set ip{() = 
(1 - Vk{C)){C), C e T*Tk, Wk = i>Opx{^)uk- Clearly, gk := Wk\r,, = Opx{^)fk, 

X'^d^Wklr^ = X'^Opx{v)duUk\r,, = -Opx{^)Nk{X)fk + Opx{^)hk 

= -Nk{X)gk + [Opxiv), Nk{X)]fk + Opx{v)hk. 
By Green's formula we have 

AM + A^^Re ((4A + A2)u'fc,u;fc) _ = -Re (x-^duWk\rt,,Wk\T,) , 

= Re (iVfc(A)5rfc,gfc)^2(p^) -Re {[Opxiv), Nk{X)]fk, gk) L^^k) {Opx{(p)hk, gk) L^Vk) ^ (4-25) 
where 



M 

Let us see that 



1 2 
X~^Vwk 



Ibfc|li2(r,) <CAM, OO. (4.26) 

Denote by x„ > the normal coordinate to F^,, i.e. given x E fi^, we have x^ = dist(x,rfc). 
Given < Xn < 25 <tii, set Tk{xn) = {x £ il^ : dist(x,rfc) = x„}. Clearly, M can be written in 
the form 



M 



A ^d^^Wk\\^^ + ([-X ^Ar^^^^)-c^^)wk,Wk)^^, 



where Arj,(a;.^) denotes the (negative) Laplace-Beltrami operator on Tk{xn)- Since l — r]k is sup- 
ported in the elliptic region {C e T^Fk : IICII > c^^}, taking 5 > smah enough we can arrange 
that on supp ^'(l — Vk) the principal symbol of the operator —X~'^Ay^(^x„) ~ ^~k^ (considered as a 
semi-classical differential operator with a small parameter A~^) is lower bounded by a constant 
C > times the principal symbol of — A~^Ar^(^^) -|- 1. Therefore, by Garding's inequality we 
conclude 

M>C\\wkf^.^^^^^^^_^y OO. (4.27) 
On the other hand, by the trace theorem we have 

hkWh^r,) < CX\\wk\\l-.^^^\^^_^y C > 0. (4.28) 

Clearly, (4.26) follows from (4.27) and (4.28). 

Since $7^ is strictly convex, the Neumann operator Nk{X) is a A — ^'DO with a principal 
symbol having a non-positive real part. The following properties of Nk are proved in Section 3 
of [S] (see Proposition 3.4). 
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Lemma 4.4 There exists a constant C > such that we have 

Re (iVfc(A)/,/)^.(r^) < CA-^/3|l/|li.(r^), (4.29) 

||[Op,(^),iVfe(A)]/||^.(r,) < ^^A-V3||/||^,(^^). (4.30) 
Since ||/fe||iji(rj,) is equivalent to ||5'fc||L2(rj.) and using the estimate 

WfkWH^Tk) ^ C\\fk\\L2(rk) + I|0pa(1 - m)fk\\miTk)^ 
one can easily see that (4.24) follows from combining (4.25), (4.26), (4.29) and (4.30). □ 

Combining (4.23) and (4.24) and taking A big enough, we conclude 

\\u\\h^: + ||Mfc+i||i,2(^) < CA"^(logA)^'' (\\v\\h^: + \\vk+i\\L2(R«\ak)) ■ (4-31) 
Clearly, (4.31) is equivalent to (3.2) for real A » 1, which is the desired result. □ 
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